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A recent result of Isaacs [I] stimulated the following considerations. 
Among other things, we obtain a character-theoretic proof of a result of 
Tate [2]. This is the subject of the proposition. 
Most of the notation is well known. If n is a natural number, Qm denotes 
the field obtained by adjoining a primitive nth root of 1 to Q, the rationals, 
and if x is a character of a group X, the field of x is the field generated by 
{x(x) 1 x E X> and is denoted Q(x). If A C X C B, then x IA and xB are the 
restriction of x to A and the character of B induced by x, respectively. 
If x E X, o(x) is the order of x. The multiplicative group of linear characters 
of X is X. The subgroup of X generated by all the elements of order prime 
to p is O@(X) and X” is the subgroup generated by the nth powers. 
PROPOSITION (Tate). Let G be a Jinite group, p a natural number, S a sub- 
group of index prime to p, and N a normal subgroup such that SN = G. If 
M = S A N, then the inclusion M C S induces an isomorphism 
M n W[G, N] N (S n Gp[G, G]) 
M”[& Ml sqs, S] * 
Furthermore, 
(S n Gp[G, G]) . S 
SW Sl 
zs a direct factor of spLs, sl . 
THEOREM 1. Suppose G is a finite group, p is a prime and p divides the 
degree of every nonlinear irreducible character of G. Then G has a normal 
p-complement. 
THEOREM 2. If G is a finite group and the degrees of the irreducible char- 
acters of G are linearly ordered by divisibility, then G has a Sylow series. 
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LEMMA 1. Suppose p is a natural number, Q is a subgroup of G of index 
prime to p, Z is a subgroup of Q n Z(G), h E&, p = XI,, and h, p have the 
same order n with n j p. Then t.~ can be extended to a linear character of G of 
order n. 
Proof. Let f = 1 G : Q I. Let p be a matrix representation of G which 
affords AC, and let V(X) = det p(x), x E G. Let A = Gal(QJQ(X)), where 
g = 1 G I. Thus, A stabilizes A, so stabilizes AC, so stabilizes Y. Hence 
Q(V) C Q(h). Since viz = pf and (p, f) = 1, we get Q(p) C Q(V). Since h and 
p have the same order, we get Q(h) = Q&) = Q(V). Thus, the order of v  is n 
or 2n. Suppose the order of v  is n. Since ( p, f) = 1, there is f’ such that 
ff' = 1 (mod n). Let f  = vf’. Then f  has order n and &z = CL. Suppose 
the order of v  is 2n. Since Q(V) = Q(p), it follows that n is odd. Since 
(f, n) = 1, there is f’ such that f’ * 2f = 1 (mod n). Now v2f’ has order n 
and extends TV. The proof is complete. 
LEMMA 2. Suppose G is a$nite group of order g, p is a prime, H = Op(G), 
P is a S,-subgroup of G, Q = P n H, K is a subgroup of H which admits P 
and contains Q and A is a linear character of K such that Op(K)[P, Q] C ker A, 
h # 1. Then H has an irreducible character 0 such that 
(i) e(l) > 1. 
(ii) e(i) is prime top. 
(iii) 0 is stabilixed by G. 
(iv) (e,, , A) is prime top. 
(v) The S,,-subgroup A of Gal(QJQ(h)) stabilizes 0. 
(vi) 0 can be extended to a character of G. 
Proof. Since K = QOp(K) and Op(K)[P, Q] C ker A, it follows that P 
stabilizes A, so AH is stabilized by PH = G. Since A stabilizes A, A stabilizes 
AH 
Let {e,} be all the irreducible characters of H. Since (0,“)” = (eda)“, for all 
01 E A, x E G, the p-group G/H x A acts on {ei} via (Hx, a) : 0, + (0,“)“. 
Let 0, ,..., 0, be the orbits of {e,} under G/H x A and let & = C Bi , where 
f& ranges over Oj . Since A and G stabilize Aa, we get Aa = C x1$, . Since 
P(l) = 1 H : K I is prime to p, there is j such that x,t,!~~(l) is prime to p. 
Since #j(l) = @‘(I)] Oj I and G/H x A is a p-group, we get 1 Oi 1 = 1, 
Oj = {Sj}. Set 8 = Bi. Since 0 is stabilized by A, (v) holds. By Frobenius 
reciprocity, (r$, , A) = (0, AR), so (iv) holds. Since G stabilizes 0, (iii) holds. 
Since &(l) is prime to p, (ii) holds. If  0(l) = 1, then Q C ker 0, since 
H = Op(G). Since (iv) holds, we get 01, = h so 8 _C ker A. Since K = QOp(K), 
we get A = 1 against our assumption, so (i) holds. It remains to prove (vi). 
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Let p be a matrix representation of H which affords 0. Thus, if x E G, 
there is A(x) such that 
p(x-‘ax) = A(x)-lp(u) A(x), all Q E H, (1) 
and we may assume that 
P(X) = 44 all x E H. (2) 
Since p is irreducible, we get 
4xy) = 44 4 Y) 4% Yh all x,y E G, (3) 
where w&y) is a scalar matrix. Replacing A(x) by &4(x) for a suitable 
complex number 5, we may assume that A(x)o@) = 1 for all x E G - H. Thus, 
A(x)o(s) = 1 , all x E G. (4) 
If x is a p-element of H, then x E H’, so det A(x) = 1. If x is a p-element of 
G - H, then (det A(x)) 0(Z) = 1, by (4). Since p 7 O(l), there is an o(x)th 
root of unity w such that det w/l(x) = 1. We may therefore assume that 
det A(x) = 1, all p-elements x of G. (5) 
In (3), take x, y in P. Using (5), we get ar(x, y)f = 1. Thus, p = (A(x)] x E P) 
is generated by p-elements and f) has a central p’-subgroup (LY(X, y) 1 x, y E P) 
with p-quotient group. This implies that p is a p-group, so 
4X,Y) = 1, all x,y in P. (6) 
Let T be a transversal to Q in P. Thus, each x in G has a unique representa- 
tion x = th, t E T, h E H. Define p”(x) = A(t) A(h). If x’ = t’h’ is another 
element of G, write tt’ = P/z”, with t” E T, h” E H n P = Q. Using (l), (2), 
and (6), we get p”(x)p”(x’) = A(t) A(h) A(t’) A(#) = A(tt’) A(ht’) A@‘) = 
A(f) A(h”hW) = ,c(xx’). Th us, the character afforded by p” extends 8. 
LEMMA 3. With the notation of Lemma 2, X can be extended to a character 
of PK with the same order as A. 
Proof. Let @ be the set of all characters of G which extend 0. By (6), 
@f o. Chooseg,E@. ThenP= C x(1)(x1), where x ranges over all the 
irreducible characters of G with H C ker x, since both expressions vanish on 
G - H and equal 1 G : H 1 0 on H. Since (OG, eG) = 1 G : H 1 = C x(l)“, 
each x’p is irreducible, so 0 = {VP}, where p ranges over M, the set of all 
linear characters of G with H C ker CL. 
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For each p in @, let p = p(p) be a matrix representation of G which affords 
p and let v = V(P) be the linear character Y(X) = det p(x), x E G. Thus, 
v(~P) = us%, all p E M. Since M is the SD-subgroup of G and p r 0(l), 
{v(P)~) 1 p E M} is a coset of M in G. Thus, there is exactly 1 element v,, of 0 
such that ~(9)~) is a p’-eIement of G. Since 0 is stabilized by A, 0 admits A, 
so the uniqueness of v0 implies that v,, is stabilized by A. Here we are using 
the fact that each element of A may be extended to an automorphism of C 
to get that v(p)*) = v(pl)a, all 01 E A. 
Let L = PK, 7 = ~~1~. Thus, ~1~ = 01 K = c, say, since we may restrict 
v0 to K either through H or through L. Let T = TV + 7i , where 70 is a linear 
combination of irreducible characters 5 of L such that p / ([I,, A), and or is a 
linear combination of the remaining irreducible characters of P. Since 
K (I L, and since L stabilizes A, it follows that for each irreducible character [ 
of L, {iK is either orthogonal to A, or [lK = [( 1) A. Thus, if A is the set of all 
the irreducible characters of L of degree prime to p whose restriction to K 
is a multiple of A, then ‘pi is a linear combination of the elements of A, while d 
admits A. If 5 E A, then Op(K) C ker 5. Since L/Op(K) is a p-group, we get 
c(l) = 1, so A Ci. 
Let A, ,..., A, be the orbits of A under A, and let & = C 6, where 6 ranges 
over Ai . Since A stabilizes pi , we get that pi is a linear combination of 
6 i ,..., 6, . Since (5, A) is prime top, we get p 7 (~1~ , A), sop { (~~1~ , A). Since 
~iio = ~i(l)h, we getpfTi(1). Th us, there is i such that p r S,(l). Since A 
is ap-group, we get Ai = {$}. 
Since Op(K) C ker Si , Si has order a power of p. Since SilK = A, we get 
Q(SJ I Q(h). Since A stabilizes ai , we get Q&) C R, where K is the fixed 
field of A. Hence /Q,:Ki = IA/. S ince A is the Sylow p-subgroup of 
Gal(Q,/Q(W, we get that I k : Q(A)1 is a p’-number. Since 1 Q(SJ : Q(X)1 is 
a power of p, we get Q(X) = Q(SJ. S ince h f 1, X and 6, have the same 
order. 
We turn to the proof of Theorem 1. Let P be a S,-subgroup of G, H = 
Op(G), Q = H n P. If Q f 1, then we can choose h E Q, h f 1, [Q, P] C ker A. 
Then Lemmas 2 and 3 imply that G has a nonlinear irreducible character of 
degree prime top. Hence, Q = 1 and we are done. 
In proving Theorem 2, we may assume that G’ f 1. Let d be the smallest 
degree of a nonlinear irreducible character of G and let p be a prime divisor 
of d. By Theorem 1, G has a normalp-complement K. Let 19, ,8, be irreducible 
characters of K, and let Ki be the stability group of 19, in G. Thus, as K is a 
Hall subgroup of G, Bi may be extended to a character of K, , so G has an 
irreducible character of degree 1 G : Ki 1 e,(l). We may assume that 
I G : Kl ( 0,(l)/ I G : K, 1 0,(l). Since p r ei( 1) and 1 G : Ki I is a power of p, 
we get e,(l) ) B,(l). By induction on / G 1, K has a Sylow series, so G has a 
Sylow series. 
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We come to the proof of the proposition. We first show that 
if X is a linear character of M n N*[G, N], with M’[S, M] C ker X, 
then X may be extended to a linear character of S of the same order. 
(7) 
In proving (7), we may assume that 
h f 1, h has order n = qe, where q is a prime. (8) 
Let p = rs, where I is a power of q and q { s. We first show that h can be 
extended to a linear character x of M n N’[G, N] of order n. Namely, 
M n N’[G, N]/Mp[S, M] is an Abelian group and M n Np[G, N]/MP[S,M] 
contains the S,-subgroup of M n Nr[G, N]/Mp[S, M], so x is available. 
Since x has order 71 = qe 1 r, while q f s, we get M’[S, M] C ker x. Replacing 
p by Y, we may assume at the outset that 
p is a power of q. (9) 
By (9), we get Og(N) 2 Np _C Np[G, N]. Let Q be a S,-subgroup of S, so 
that Q is a S,-subgroup of G. Let Q1 = Q n N, Qz = Q n O*(N). Thus, 
N = &,09(N) and Np[G, N] = Q,p[G, QJ O@(N). Since G = SN, we get 
Np[G, Nl = Q?[S, QJ Og(W, 
and so M n Np[G, N] = Qp[S, QJ(M n 04(N)). Since Qr”[S, Qi] CMp[S,M], 
we get Qi”[S, QJ C ker h. Let h, = hjMnoPtN) , so that h and h, have the same 
order. By Lemmas 2 and 3, h, may be extended to a linear character 7 of 
T = Q(M n O*(N)) of the same order as A. 
Since S stabilizes h, S also stabilizes X, . Hence 
D = [M n O*(N), S] C ker hr. 
Let G,, = S/D, 2, = M n OQ(N)/D, Q0 = T/D. Thus, 7 is a linear character 
of Q0 which extends /\r , where we view r and h, as linear characters of Q0 and 
2, , respectively. By Lemma 1, A1 may be extended to a linear character p 
of G, of the same order as /\i , and we view p as a character of S. Thus, 
Mp[M, S] _C ker CL, so TV is an extension of h. This establishes (7). 
Choose x in M n Np[G, N], x $ MP[S, M]. Let h be a linear character of 
M n NP[G, N], such that Mp[S, M] _C ker h, x $ ker h. Let p be a linear 
character of S which extends X and has the same order as h. Hence, x 6 ker p, 
so x $ Sp[S, S]. This implies that M n Np[G, N] n P[S, S] = Mp[S, M], 
and so 
M n NP[G Nl = M n Np[G, N] - (M n NpF, WSp[S, Sl 
M*[S, VI M n N*[G, N] n P[S, S] - sqs, S] - 
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Using this isomorphism with (7), it follows that every linear character of 
can be extended to a linear character of 
s 
sqs, S] = A 
of the same order. Let 7r ,..., 7D be a basis for 2 and let & be an extension of 
ri to A of the same order as 7i. Let C = ni ker ci. Then C n B = 1 and 
1 A : C 1 < ni o(W = n o(7J = 1 B 1, so A = B x C. To complete the 
proof, it suffices to show that 
(M n W[G, N]) Sa[S, S] = S n Gp[G, Gj. 
Clearly, the left-hand side is contained in the right-hand side. Since G = SN, 
we get Gp Z PNp[G, N], [G, G] = [G, N][S, S], so 
G*[G, G-j C Np[G, N] P[S, S]. 
Ifs E S n Gp[G, G], then s = ns, , where II E Np[G, N], sr E SP[S, S]. Hence, 
n = ss;’ E N n S = M, so s E (M n Np[G, N]) SP[S, S]. The proof is 
complete. 
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